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A differential game of encounter in which the minimizing player controls his
acceleration in an impulsive manner, is considered, The opposing player con-
trols his velocity, which is restricted in magnitude, The problem of optimal
time distribution of a fixed number of the impulses is solved, The subject of
this paper is related to those of [1— 3].

1, Formulation of the problem, Let the motion of the players X and Y
over a fixed time interval [0, 7] be determined by the following equations of motion
and initial conditions:

2y = Zg, Zo = U, y =v (1.1
z (0) = 2,°, z, (0) = =%, y (0 =1
The vectors z,, z,, u, y, v all have the same arbitrary dimensions. We fix » instants
of time #;, i =1, ..., n on the interval [0, T] ,and
e = 0K Kty =T (1.2)

The realizations of the controls u (£) of the player X and » () of the player ¥ aresub-~
jected to the following restrictions (d {¢) is the delta function):

7 n
u()= Nudt—1) DNlyl<Q Q>0 (2! (.3
k=1 k=1
Thus the velocity of the player X undergoes a jump of magnitude ug,at the instant 2, .
The player aims to minimize the functional

J =2 (1) — y (D) (1.4)

The player Y on the other hand, maximizes the functional (1.4) by realizing the
integrable controls v (f) subjected to the restriction (1,3). We shall assume that the
player X knows the relations (1, 1)—(1.4) and observes the phase vector of the oppos-
ing player only at the instants ¢, i = 1, ..., n, i.e, immediately before the impulse.
Consequently the quantities uy in {(1.3) can be regarded as functions of the form ug =
ug {2y, Tgks Yg),- where Zix, 20 and yx are the values of the vectors immediately before
the 4 -th impulse. We shall call the controls (1,3) containing such uy, the strategiesof
the player X .

Problem 1. To find the optimal guaranteed strategy u* of the player X andagua-
ranteed value J * of the functional (1,4) satisfying the relation

J¥* = min, sup, J [u, v] = sup,’J [u*, v] (1. 5)

Here J [u, v] denotes the value of the functional (1, 4) corresponding to the data of the
strategy u and control ».
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2. Equivalent multistep game, Introducing the variable z {(#) = =, (1) +
(T — 1) 2, (1) — y {t) , we can simplify the relations (1. 1) and the functional (1.4)as fol-
lows: 2 = (T~ thu-t+ v te= [0, T J o=z {I)] (2.1)

3(0) = 2° = 2,° + T’ — y°
Further, using the technique of reducing the differential games with incomplete informa~

tion to the equivalent games with complete information (see [4, 5]), we can replace the
game (2, 1),(1,3) by the game

ey = 2 T AT — ) ug + (L — ) vy, zg ==z (ty — 0) (2.2)
i1

Z = 2° uy = 0, B |up [<<Q, || <1, k=0, ..., noJ =z |
K==1

The equality u, — 0 reflects the fact that the player X has no control over his motion
up to the instant of the first impulse. Let us introduce a scalar variable ¢y representing
the remaining resource of the control

G=0=0Q, 7, =0— DN|u;|>0, k=2,...,n41 (2.3)

i=1
The relation (2, 3) yields the following recurrent relation:
do =0 Gy = — luel  lu]<an k=0,...4n (2.4)
Combining (2. 2) and (2,4) we obtain the muitistep game
By = 2k T (T — &) ug + (tg,y — &) v (2.5)
grer = 0 —lue b Jug]<ar | <L, E=0,...,n
zg = z,° 9o = @, J s |z, ]

To solve the game, we introduce the Bellman function Sy (zx, gx) which is equal to the
minimum value of the functional J from (2.7) guaranteed for the player X ,under the
condition that the game begins from the 4 -th step and the values of phase variablesare
equal to z; and g;. This function satisfies the following recurrence relation with bound~
ary condition (see [5]): S

(2., ¢,) = min max § T Tray) 2,
i (2 O < |t ket Gy Ths (2. 6)

kE==0,1,..., n, Ss1 Gagrr Qpaq) [ Zppay |

The guaranteed value of the functional (1,5) has the form J* .- §/(z°, Q). It can be
shown by direct verification that the problem (2. 6), (2. 5) has a unique solution

S gy =max {f 75 oo FofR 2.7
m
*, [z.]—©
K / i o il XA
fm - {)m\ Z 1‘}[_ ek T "‘m'ﬁ':—"__
Ry £
m o=k, k-1, ..., 0, fi;*x By k=4, ..., n
8o (2% Q) »= max {f", ..., j:ﬂ} B A (2.8)

kit

iy ‘ 7] — T



Differentiall game with impulsive control 3417

m:i,...,n,f;H:\‘}n;\‘}m—_:T—tm,m:O,...,n—}—i

The slight discrepancy between {2.8) and (2. 7) can be explained by the fact that the
first step in (2. 2) is not a standard one (u, = 0). The quantity /", & — 1, ..., n in
(2. 8) corresponds to the case when the whole resource @ is spent on the first & impul-
ses; the quantity 7  corresponds to the case when the resource left after the n~thim-
pulse is not zero,

Computing the extrema in (2, 6) yields the following optimal impulses in the game
(2.5): z

n+l

3

x_ __ _om . e . . m 2,9
Y = {}m ! ‘“ml §ﬁmqm‘ M = I:,ml T ( )
2| >0 0,0 ma=1, .. . n

k
rk*zz_zk—l’ zh‘%o; Z‘k*zev lp[:l’ 31"—"’0; k=0,1,,,.,n

3, Optimization of the {impulse times, So far the times of the impulses
were assurmned fixed, Consider now the following problem.

Problem 2. Assume that the player X knows the quantities z° and @ priortothe
beginning of the game, Our aim is to find a distribution #*, i =1,.. ., n of the time
instances (1, 2) for which the quantity (1.9) or, equivalently, (2. 8) assumes its minimum
value,

It is clear that the required distribution can be found by minimizing the quantity (2.6)
over the times {¢;} under the restrictions (1,2). Using #; from (2. 8), we can write the
restrictions (1, 2) in the following form:

T=%>0>...20,>8, =0 3.1

First we consider the case when
[2°] — TQ >0 (3.2)

From (2. 8) it follows that for any distribution of §; of the form (3.1) we have
f1°>fz°>*~-~->/;+1‘ J¥ e =12 — 80+ O

Thus in the case (3, 2) the quantity J* depends on , only. The optimal value @¢* of
#, is found from the condition
e omin JA=]S 40U —Q=121+TU—Q

[ SO YE: 1Y
and is equal to 7, i.e. ¢* = t, =0. Thus when (3. 2) holds, the whole resource isused
up at the initial instant of time. Now consider the case
|2°] ~ TQ <0 (3.3)
From (2, 8) it follows that the relations

L

N f:‘-l << f f:c.u > fap ¥ = f° (3.4)
4 < ﬂik*l (3.5)

hold for any distribution {#;} and for certain %k, 1 < kP -+ 1. From (3, 4) we find
that on the optimal set {9;*] although this may not be unique, we can either assume
that (3.4) holds for % :.. n - 1 or,that

1= = kit S Sy < > oy (3.6)
Indeed, if for {9;*} we find that & 5 n - { in (3.4), we construct the set
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(%4}, 0 = ‘l‘};_n”, i=n—Fk+1,...,n 0 =>0*% i=1,..., n—k Using(2.8)
and (3. 4) we find that the condition (3, 6) with the previous value of J° holds on the
set {04}

We shall now show that the following equality holds on the optimal set:

fno = f:1+1
Let us assume that the opposite is true: fn"#f:lﬂ. When /"> f,:ﬂ »(3.6) and (3,9)
imply that &,*< ﬁ;_l. We note that the functions f;° from (2, 8) have the property
Of° 1 00 <0, k =1, ..., n. In this case the variation 8, > 0 of the instant &,*
exists such that the condition (3, 6) remains valid on the varied set and the quantity
n° = J°Iis strictly decreasing, When 1n° <friy +(3.5) yields ®,,,<<On. Then a vari-
ation 89,< 0 of the instant §,* can be found such that the quantity J° = f:m is
strictly decreasing on the varied set, Therefore we can make the quantity f,° andhence
the functional J° strictly decreasing by choosing the quantity &, 4 8%, in which 44,
is a sufficiently small positive number, as &, . This however contradicts the initial as-
sumption that J° is a minimum value of the functional,
We therefore conclude that Eq, (3,7) holds on the optimal set {§;*}. On dividing by
Oy, , this yields the expression =n

= ﬁn* = J° 3.7

ﬁi—1 |27+ 4,0
ﬁ.——nJr——*—‘ﬁl =0 (3.8)

=t
The equality (3. 8) is equivalent to the requirement that the whole resource @ must
be used up in n steps, The relation J* — ¥, = f»° determines the quantity J* asthe
function of @,, . . ., ©,_,. The optimal set {#:*) represents the extremal point of the
function £,°.
It can easily be verified that when

22| < TQ /m (3.9)

the extremal point is an interior point of the region (3, 1), We therefore have

AR}

fn® /30 =0, k=1,...,n—1 (3.10)
and this, using (2, 8), yields
&_'zol‘*"&o ﬁk—l_ By
% B ’ 01: - '&k+1 '
Equations (3. 11) together with (3. 8) represent r equations from which §,* are deter-
mined

k=2,...,n—1 (3.11)

n k
ﬂk*:(lzol_*_T)(_m——n) k=1,...,n (3.12)
In the case (3.9), all points (3. 12) are die distributed strictly within the interval of mo-
tion, If the condition IO/ < || < TQ (3. 13)

is satisfied, then the variable §, assumes its limiting value 4% = ¥4, = T at the extre-
mal point of the function f,° Conditions of the form (3, 10) and (3, 11) hold for the va-
riables ¥4,k =2, ..., n — 1, and they yield the optimal set for the case (3. 13)

n—1 k-1 3,14
0k*=T(Q—|z°|/T+n_1> cok=1,...,n (3.14)
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The solution constructed above can be utilized for a nonrigorous study of the continu-
ous analog of the game (1, 1)~ (1.4) in which the player X observes throughout the

whole interval [0, 7] and applies a finitely impulsive control under the restriction
T

{leiar<o
1]

From (3, 14) it follows that when n — oo , the instant of application of the last impulse
and the value of the functional tend, respectively, to

tco = I — ‘ﬁ‘m, ﬁoo - Tefz"!/T—Q

The limiting behavior of the player as n — oo supposes the knowledge of the vector
v (#} and is as follows. An impulse of intensity 12°{ /T 1is applied at the initial ins-
tant, and then the control u (f) = v {#) / (T — ¢) is applied over the interval 0, t,l .
This control preserves the zero value of the vector z (¢) until all resources have been
spent,

We note that the limiting result obtained at | z° | < TQ coincides with the result ob-
tained from the theory developed in [3],
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